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1 Introduction

By plumbing, a weighted graph can be associated with a configuration of curves
embedded in a smooth surface (see [6], p.120). If the incidence matrix of the
weighted graph is negative definite, the contraction of the corresponding config-
uration of curves gives a singularity of a normal analytic surface (see [4]). Con-
versely, the incidence matrix of the dual graph associated with the exceptional
divisor of a resolution of a normal (analytic or algebraic) surface is negative
definite (see [2, 12]).

Let T" be a weighted graph whose the incidence matrix is negative definite.
In [9], Lipman studied a certain set of positive divisors supported on I'. We will
call this set the semigroup of Lipman. The relation between the elements of the
semigroup of Lipman and the functions in the maximal ideal of the singularity
corresponding to I' (see [9, 1, 14]) guides us to look for more information on the
structure of that semigroup. By this aim, we follow a suggestion of Pinkham
which appears in [11] (see remarque in p.166). This leads us to associate a
toric variety with I' by using the semigroup of Lipman of I'. The toric variety

obtained in this way is affine and has only quotient singularities.



In the first part of this work, we introduce the semigroup of Lipman and
its “generators” and, in the second part, we describe in detail the construction
of the toric varieties associated with the weighted graphs corresponding to the

rational double points of a surface.

2 Weighted graphs and semigroup of Lipman

Let T be a graph without loops, with vertices C1,--- ,C),, weighted by pairs
(ws, g;) at each vertex C;, (1 < i < n), where w; is a positive integer called the
weight of C;, and g; is a non-negative integer, called the genus of C;.

We associate a symmetric matrix M(T') = (a;;)1<i,j<n, with " in the fol-
lowing way: «;; = —w; and ay; is the number of edges linking the vertices C;
and C; whenever ¢ # j. We call M(I") the incidence matriz of I'. A weighted
graph is called a singular graph if the associated incidence matrix is negative
definite.

By plumbing, a weighted graph defines a (non-unique) complex curve con-
figuration embedded in a nonsingular complex analytic surface, such that each
vertex C; is represented by a curve of genus g; and of the self-intersection —w;.
This correspondance gives the following relation between singular graphs and

singularities of surfaces:

Theorem 2.1 (see [4], p.367) If T is a singular graph, then there is a normal
complex analytic surface singularity and a resolution of this singularity such that

its exceptional divisor is the configuration of curves corresponding to T'.

Conversely, we have:

Theorem 2.2 (see [2, 12]) The incidence matriz of the dual graph associated
with the exceptional divisor of a resolution of a complex normal surface singu-

larity is negative definite.

Now, let G denotes the free abelian group generated by the vertices C; of T,



that is, the set of divisors with integers coefficients:
n

g = {ZmlCz | m; € Z}
i=1

When m; € N the elements of G are called the positive divisors supported on T'.

As in [9], consider the set
ETM)={Yeg| (Y -C;) <0 foralli}.

Zariski proved that the subset £T(T') of G is not empty if " is a singular graph
(see [15]). Notice that the inequality (Y - C;) < 0 implies m; > 1 for all ¢ and

for any element Y = Y m;C; in £T(T'). Moreover, we can easily show that:

Proposition-Definition 2.3 The set £T(T') is a semigroup and we call it the

semigroup of Lipman.

A partial order on £T(T) is defined as follows: Given two elements
Vi = >0 a;C;and Yo = Y b;C; of EX(D), wesay Vi < Ys if a; < b;
for all . In [7], (see proposition 4.1), Laufer gives an algorithm to calculate
the smallest element of £T(I'). The same algorithm permits us to find all other
elements in ET(T) (see [11, 14]).

Let T be a singular graph. Hence £T(T') # . We want to look for the
generators of ET(I'): Let Y’ = Y7 | m;C; be any positive divisor in G. Consider

M@) - (my,ma, ... ,mn)t = (Y1, y2, - Yn)"

This says that (Y’ - C;) = y;. Let us denote by §; the column matrix with
coefficients 0 everywhere except in the i-th row, where the entry is —1, and
consider M(T') - (m;1, mya, -+ ,mi)t = 6;. Put F/ = Z;.l:l m;;C;. We have
m;; € Q*. We can write F] as F] = k;-F; such that k; denotes the least common

factor of the denominators of the coefficients m;; for j = 1,--- ,n. Then we can

conclude:

Proposition 2.4 With the preceding notation, the divisor F; is an element of

EH(D).



Moreover, we have:

Theorem 2.5 There exists a subset GV(I') = {Fy,..., F,} of EY(T') such that
each element in ET(T) can be written as a linear combination of the elements

of GT(T') with coefficients in Q.

Proof. Let G be the semigroup generated by the elements of G*(I") with co-
efficients in Q% and G as defined above. To prove that £7(I') = G N G, first
we show that an element ¥ = 7" | a;C; in £7(T) is contained in G N G. For
that, we consider M(T')-Y = >"" | y;, where (Y - C;) = y;. We have y; <0 for
all i. Now take a divisor D = Y7, d;C; in G. So d; € Q" for all . Assume
that M(T") - D = §;. Since a negative definite matrix is invertible, we obtain
Y =->",dyC;. Since y; <0 for all i, the coefficient —d;y; for all  is in Q.
Then, we have Y € G N G. Second, we show the inclusion G NG C £F(T). For
this, we start with D € G N G. This means that D = Y"1 | b;F; with b; € Q™.
Consider (D - C;) = Y1, b;(F; - C;). By the hypothesis, each element F} in
GT(I') satisfies the condition (F}; - C;) < 0 for all 7. Since b; € Q* for all j,
we have (D - C;) < 0 for all 4, hence D € ET(I'). Then, we have the equality
EFM)=gnG. O

3 Toric varieties associated with £ (I")

Let T' be a singular graph with vertices C1,---,C,. In this section, we will
construct the toric variety corresponding to I' by using £ (T"). We will describe
our algorithm on some examples.

Let N =< C4,...,C, >z be a lattice generated by the vertices of I"and M =
Hom(N,Z) be its dual lattice generated by CY,C3, ..., C} such that (C;, CF) =
1if ¢ = j, 0 otherwise. We denote N ®z R by Ny and the dual space M ®z R
by Mg. Let o in Ng be the rational polyhedral cone defined by £¥(T") and
& in Mg be the dual cone of o. The semigroup ¢ N M is the set {u € M |
(u,v) > 0 for all v € o}; it is finitely generated. The corresponding variety

SpecC[g N M] is an affine toric variety (see [3] for details). We will denote



Clg N M] by Clxy, ..., z,]. Here we will give an algorithm to find out explicitly
Clg N M] for a given T

Denote by Fy, ..., F, the generators of E¥(T"). Let N' =< Fy,..., F, >z be
a lattice and M’ = Hom(N',Z) be its dual lattice generated by F}, F5¥, ..., E*

n

such that (F, F7) = 1if i = j, 0 otherwise. We obtain:

Proposition 3.1 The dual lattice M’ of N’ is generated by the rows of M(T)
multiplied by ki = —k;/det M(T'), where F; = —k;F;.

The proposition follows from the construction of the F;. In other words, let

F} =377 a;;Cj such that M(T)- (a1, , ain) = ;. Since M (') is invertible,

7

we can write (ap,--- ,ain) = mwih--wbin)- By taking the greatest
common divisors k; of the b;; for j = 1,...,n, we get F, = detki./\/[(F)Fl where
F;, = Z?:l b;jCj such that k‘ib;j = b;;. Such the Fj’s are the generators of
ET(D).

The lattice N’ is a sublattice of finite index of N and 6NM C §NM’. Then,
we have the following proposition:
Proposition 3.2 With the preceding notation, C[5 N M] = C[M']~" .
Proof. See Oda [10, corollary 1.16] or page 34 in Fulton [3]. O

As a result of proposition 3.2 we have:

Corollary 3.3 The affine variety Spec C[dNM] has only quotient singularities.

To find out explicitly the algebra C[é N M] corresponding to T, first of all,
by using proposition 3.1, we determine the algebra C[M’] and then, the ring
of invariants C[M’]~ under the N/N’-action (see proposition 3.2). In what
follows, we will do this construction in detail for the weighted graphs A,, D,,

Eg, E; and Eg (or briefly ADE trees).

3.1 Construction for ADE Trees

It is well known that ADE trees are singular trees and the configuration of

curves associated with an ADE tree is the exceptional divisor of a resolution of



a rational double point of a surface.
I. Let I" be a weighted graph of type A,_1 for n > 2. The incidence matrix
M(Ap—1) is defined by (C; - Cj) =11if | j—i|=1,-2if i = j and 0 otherwise.

With the notation of the preceding section, we obtain

1
F = E[(n—i)Cl+2(n—i)02+...+i(n—i)C’i+i(n—i—1)Ci+1+...—|—iCn,1]

(2

This gives F} = %“F; with d; = (n —i,4). If n is odd, then det M(4,_;) =
n,k1 = kp—1 = 1 and k; = d;; and if n is even, then det M(A,,_1) = —n, k1 =
kn,_1 = —1 and k; = —d;; in both cases, ki = —%. Note that k; = k,,_; for all

i. If we denote C[M'] := Cluy,...,un—1], we have
—2ky ko, —ko Kk ki =2k ks
up =Xy Xt U =TTy PR,y U =TT T

72]2?2 xivz ’2?1 72];31

_ ko _
Upn—2 = X~ 3Ty o Ty 1, Un—1 = Ty _oLp_71 -

Recall that C[s N M] = C[z1,...,2,-1]. On the other hand, the finite group
N/N' is described as follows:

Proposition 3.4 The group N/N' is generated by C1,...,C,_1 over Z such
that the order of C; equals m fori =2 ....n—2 and the order of

C4 and Cp_1 equal ﬁ, where C; = C; + N'.

Proof. To calculate the order of the C; in N/N’, denote by 74, it suffices to show
that some multiples of the C; are in N’: Let F € N/N’, where F = F + N'.
Suppose that F' € N'. So, there exists a; € Z such that F' = a1 F; +asFy+-- -+
an—1Fn—1. Now, we rewrite F' in terms of the C; by replacing the F;. Thus we

obtain F' = b101 + -4 bn_lCn_l where



as as : Ap—2
_9 _

+d2(n )+d3(n 3) 4+ i 3+ o

az

b2:(al(n—2)+f(n—2)2+a—32(n—3)+-~-+
i ds
Ap—3 Ap—2
2.3 224 ay 12),---
d3 + dg +a 1)

as as Qp—3
b1 = 24 23144+ 22 (n—3
1= (a1 + 4 + a + 4 A (n—3)+

Zl;z (n—2)+anp—1(n—1)).

Ay
by = (ay(n—1) 3

2 + anfl)v

Then, by solving the a; in terms of the b;, we get

ay 2by — by
a2 7d2b1 + 2d2b2 - d2b3

—dibi_1 + 2d;b; — dibis1 | (3.1)

a; -

3=

ap—2 —daby—3 + 2d2by o — dabp—1

Qp—1 *bn—Q + 2bn—l
where a; € Z. If we assume that by # 0 and by = --- = b,_1 = 0, then we
obtain a1 Fy + -+ - + an—1F,—1 = b1C1. Hence the equality (3.1) gives

2y —doby
ay = —, a2 =
n n

and a3 =---=a,—-1 =0.

Thus, the smallest integer b; such that a;,as € Z is the order 7, of C; in N/N'.

Now, it is easy to observe that r; = ﬁ. If we repeat this process for b; # 0

and b1:"':bi_l:bi_;,_l:"':bn_l:O(Z'IQ,...,TL72), then the
equality (3.1) will give:
—di—1b; —2d;b; —d;41b;
a;—1 = , Ay = y  Qip1 = ,
n n n
ay =az ="+ =Q;_3 =0Qj_2 = 0j42 = Aj43 == ap_1 = 0.

Hence the smallest b; such that a;_1,a;,a;+1 € Z is the order r; of C; in N/N'.
It can easily be observed that r; = m. When ¢ = n — 1, we obtain

_ —daby1 _ 2by o B
In—2=—""—"") OGn-1=—"—; & =ay=-=ap-3=0.




Hence 7,1 = (2Z2). O

Corollary 3.5 Fori=1,...,n—1, we have r; = r_; and r; =n or 3.

Proof. Since d; = d,,—; we have r; = r,,_;. Since (d;—1,2d;,d;+1) equals either

1 or 2, we have r; = n or 5 respectively. [

Theorem 3.6 If o is the cone defined by the semigroup of Lipman ET(An_1),
(n > 2), then the algebra C[o N M] is generated by

n 2i 33 (n=i)i (n—i)(i=1) (n—i)2

i i, dz, dz ) dn—i dn—i+1 . a3, (n—i)
U; 5 Uply™ Us Up—i Up_it1 Up_2 Up_q
foralli=1,...,n—1, where — denotes modulo n.

Proof. Let us denote C; by n; for each i. Thus 1; = (exp 2m’)i such that
n;* = 1. Now, the N/N’-action on the coordinates of C[M’] (see p. 34 in [3]) is
the following:

_2 _—dp
_ (d2,2) (d2,2)
771(“47'"7”71-1) - (771 Ui, u25u3a"'7un—1)7
—1 2do —d3
_ (1,2d2,d3) (1,2d2,d3) (1,2d2,d3)
No(U,. . s Un—1) = (1, U1, 7o U2, 75 U3, Ugsy e ooy Un—1),
—di—1 2d;
_ (dj—1,2di,d;41) (dj—1,2di,d;41)
ni(ulv'ﬂaunfl) - (ulv"‘vui72a771‘ Ui—1,7); Us
—dit1
(dj—1,2d;,d;41)
n; Uit 1, Uit2, - - - Un—1),
—dg 2dy
— (dg,2d3,1) (d3,2d2,1)
77n—2(u17 e 7Un—1) = (uh ceesUn—4,7, "o Un—3, T, "2 Unp—2,
—1
(dg,2dg,1)
Nn=2 un—l)a
@5 @
— dg,2 dg,2
N1 (Us e Uno1) = (U1yeee s Un—3, M1 Un—2,"Tn "1 Up—1).

An—1

For u = ui'uy® - --w,"7' € C[M’], the action above gives:



2a1—dgag
(d2,2)

m(u) = m u,
—aj+2dgag—dgag
_ (1,2d3,d3)
m(u) = ny U,
—di_1aj_1+2dja;—djp10441
_ (d;—1,2di,d;41)
—d3an_3+2dgap_2—an_1
_ (1,2dg,dg)
nn—2(u) = Mh—2 u,
—dgan_a+2an_1
— (d2,2)
Mn—1 (U) = Mp-1 u.
Since the ring of invariants is determined by the smallest a1, ..., a,_1 satisfying

ni(u) = wu for all i = 1,...,n — 1, then the action of the group on the product

gives the following system of equations:

2@1 — dga,g I
2 — %
(d27 2) 101,
—aq + 2dsas — dsas I
= T y
(1,2ds, ds3) 22
—di—10;—1 + 2d;a; — dit10i41 ;
= Tilg,
(di—1,2d;, dity
—d3an_3 + 2d2a,_2 — an_1 ;
= Thn—-2n-2,
(1,2ds, ds) a2
_d2a'n—2 + 2an—1 l
Tn—1lp—
(d2,2) 1ln—1
for some ;. Recall that r; = ordn;. If we choose u = w’, then the conditions
nj(u) = wu for all j implies that a; must be 0,1,..., 2 — 1 modulo 2. To
find aq,...,a,—1, we first consider a; = 1 and, we substitute this value of a;

into the system above. Thus we get as. Then, from as we find a3z and so on.
Repeating the same process for different values of a;, we can have all possible
solutions (a1, as,...,an—1,a,) of the system of equations above. This gives the

theorem. O



IT. Let T’ be a weighted graph of type D,,, (n > 4), with vertices C1,...,C,.
The incidence matrix M(D,,) is defined by (C; - C;) = 1if j = i+ 1 for
i=1,....,n—=2,(Cph_2-Cy,) =1 and 0 otherwise. We have det M(D,,) = 4

when n is even and, det M(D,,) = —4 when n is odd. Hence

F =C1+2Cy+ -+ (i —1)Ci_1 +i(Ci + Ciy1 + -+ Cp_2)

+ %(C’n_l +C,p) fori<n-—2,

/

1 -2
L= (O 420+t (1= D Bu) + G+ P20, ana

4
(n—2) n
T Cn1+ 7Cn.

Thus £1(D,,) is generated by Fi,---,F, such that F = ZFZ if n is even,

where
2 if1<i<n-—2andiisodd,
ki=4q4 if1<i<n-—2andiiseven,
2 1=n-—1,n

and F! = ZFl if n is odd, where

—2 if1<i<n-—2andiis odd,
ki =4 —4 if 1 <i<n-—2andiiseven,
-1 1=n—-1,n.

This gives C[M'] = Cluy, ..., uy] such that

_ =2k Kk ki =2k ks ; _
up =xy g, w =ty ey for 2 <di <in— 3,
o kn_z 72]Acn_2 fén_g ]Ac _o _ an—l *2]%71,—1 _ ];?n *2];
Up—2 = Tp_3 Ty _o Tp—1 Ty Un—1 =Tp_o Tpn_q R

The finite group N/N' is given as follows:

Proposition 3.7 With the preceding notation, we have:

(i) If n is even, then N/N' is generated by C; with i even and 1 <i <n —2,
over Z such that, for each 1 < i < n — 2, we have r; = 1 when i is odd,

r; = 2 when i is even, and 1,1 =1y = 1.

10



(ii) If n is odd, then N/N' is generated by C; with i even and 1 <i <n — 3,
Ch_a, Cn_1 and C,,, over Z, where, for each 1 <i<n —3, r; =1 when

i 48 odd, r; = 2 when i is even and, T,_o =4 and rp,_1 =1y, = 2.

Proof. Following the proof of theorem 3.4, we obtain a linear system (b1, -+ ,b,) =
(a1, - ,an)-Afor some invertible matrix \A. As in the equality (3.1), we obtain:

‘ 1

= det M(Dy) CATE (by, e b)) (3.2)

(a1,...,ap)

where A=! = Diag(—ky, —ko, -+, —kyn) - M(D,,). Now, let us assume that
by =by=---=bj_1 =bj_o=---=b, =0and b; # 0. Then, we replace the
values of k; and b; into (3.2) to obtain the a; € Z in terms of b;. Note that the
values of k; depend on the fact that n is odd or even. We continue as in the

case of A,,_1 and we conclude the proof of the proposition. O

Theorem 3.8 If o is the cone defined by the semigroup EV(D,,), (n > 4), then
the algebra C[d N M] is generated by

: 2 2 2 2 2 ; ;
(1) UL, U2, U3, Ugy ooy Uy 3, Un—2,Up_1,Un", Up—1Up, VUp, VUn—1 an s even,

where v = U1U3 -+ * Up_5Up_3;

Y2 2 2 2 4 4,2 2 3 ..3 .
(i) uf, U, U, Ud, .oy U gy Un—g, Usy oy U 1y Uy Uss Uy Uk 1 Uy VU 1 Uy, Of

n s odd, where v = ULU3 ** * Up_4Up_2.

Proof. The action of the finite group N/N’ on the coordinates of C[M’] is given
by

—2r;k AH»I

_ ’I‘iki71 i Trik?
Ni(ut, .. un) = (U1,..., ui—2,; Ui1,7; Ui, 7, Uit 1, Wit2,

.y up)  forievenand 2 <i<n-—3,

77n72(u17 e ,Un) = (ula ceeyUn—4, nﬁi&srn72un73v 77»;3];”727"71721/%727
nﬁi?rn_2un—lv 775117;”_211‘”)7
Mn—1(U1, .o Up) = (U1, ..., Up_3, nﬁ’i‘lﬂ"‘lun_z, nif’i”‘”"‘lun_h Un),
M, i) = (0, ™2 w7 2 ).

11



Let v = uf*u3? - --u% € C[M’']. Hence under the action we obtain
1 Y2 n
ic1kioari—2aikiritaijikipir; . :
ni(u) = m(a thiciri=2askiritaizakior), o pon 0 even and 2<i<n-3,
_ (an—stn—srn—2*QGn,—zkn—2rn,—2+an—1f€n,—17“n—2+anf€nTn—2)
nn—2(u) - nn—2 u,
ok —2Tn_1—2an—1kn_1Tn—
777L—1(u) _ 775;,_”12 n—2Tn—1 n—1kn_17Tn 1)u,
nn(u) — ,r/’slan—QiCn—27‘n_20'",];",7’77,)11/.
To determine the ring of invariants it suffices to find the smallest aq,...,a,
b b)
satisfying n;(u) = u, where u = uj*ug? - - - u».

(¢) Assume that n is even. It is easy to see that agj+1 = 0,1 mod 2 for j =
0,...,5 —1and a, = 0,1 mod 2. Hence uy; for j = 1,...,n/2 -1, u%j_l
for j = 1,...,n/2 and u? are generators of (C[M’]%. We find the remaining

generators by solving the following system of equations obtained by n;(u) = u:

a;—1+ a1 = 2l; for 2<i<n-—4and even,

Op—3+ap_1+ap = 2o

for some ;. Since (0,...,0,1,1), (1,...,1,0,1) and (1,...,1,1,0) are solutions
of the system for (a1,as,...,an—5,0n—3,An—1,0n), Up—1Up, Vlp, Vli,_1 are gen-
erators of the ring respectively, where v = ujusz---u,_3. The generators cor-
responding to other solutions are produced by the ones obtained before. This
gives (i).

(73) Assume that n is odd. We follow the same process as in the case (i) above.
First, we observe that as;11 = 0,1 mod 2 for j =0,..., ("2;3) and a,_1,a, =

0,1,2,3 mod 4. This gives that u3; ;, (0 < j < 52), uyy, (1 < j < 5

N .
and u}_,,u} are generators of C[M’]~". The remaining generators can be found

by solving the following system of equations obtained by 7;(u) = u:

a1+ a1 = 2l; forievenand2<i<n-—3,
an_1+a, = 4l,_o,
—Qp_o2+Gn_1 = 2,1,
—Qp_ot+a, = 2,

12



for some [;. The solutions (0,...,0,2,2), (1,...,1,3,1) and (1,...,1,1,3) of

the system for (ai,as,...,an—4,0n_2,an_1,a,) give the generators uZ_juZ,
VU —1ud, vud_ u, respectively, where v = wjuz---up_qu,—2. The genera-

tors corresponding to other solutions are produced by the solutions obtained

previously. Therefore, we get (i7). O

III. Let T" be a weighted graph of type F,, for n = 6,7,8. The incidence matrix
M(E,) is defined by (C;-C;) = —2fori=1,...,n, (C3-Cy,) =1, (C;-C;) =1
fori=1,...,n—21if j =i+ 1 and 0 otherwise. Since M’ is generated by the

rows of M(E,) multiplied by k; = goiip the algebra C[M'] = Cluy, .. ., u,]
is defined by
2y fo 2ks ko ks 2ks ks hs Fu 2ks

U =27 Ty, U = 2T, CXR7, U3 = Ty T, X ug = X3ty st

_ Ern—o 2kn_o kn_o _ ko1 2kn_1 ko 2k
Upn—2 =Xy 3Ty 5 Ty 1 Un—1 =Ty 5 Tp_q Up = T3"T™"

Remark 3.9 We will use the notation F] = —I%i(ah ...,ap) to denote the gen-
erator F| = —l%i(alCl + ...+ a,Cy). By the formula M(E,) - F! = §; with
F! = —;F, fori=1,...,n, we obtain:

(i) If n =6, then det M(Eg) = 3 and
/ 1 / 1 !

= 5(4,5,6,4,2,3),172 = 5(5,10, 12,8,4,6), F5 = (2,4,6,4,2,3),

1 1
Fj = 5(4,8,12,10,5,6), Ff = £(2,4,6,5,4,3), F} = (1,2,3,2,1,2).

This gives (k1,...,ks) = (1,1,3,1,1,3).
(ii) If n =7, then we have det M(E7) = —2 and

Fll = (2’37473a271a2)7F2/ = (376a876a47274)aF?,, = (478a 1279767376)7

~1
Fj = —(6,12,18,15,10,5,9), F§ = (2,4,6,5,4,2,3),

-1 -1
F§ _—2(2,4,6,5,4,3,3),F§ = _—2(4,8,12,976,3, 7).

This gives (k1,...,k7) = (—-2,-2,-2,—1,-2,—1,—1).

13



(i) If n =8, then we have det M(Eg) =1 and

Fl = (4,7,10,8,6,4,2,5), F} = (7,14, 20,16, 12,8, 4, 10),
F} = (10,20, 30,24, 18,12, 6, 15), F, = (8, 16,24, 20,15, 10,5, 12),
Fl = (6,12,18,15,12,8,4,9), F, = (4,8,12,10,8,6,3,6),

F, =1(2,4,6,5,4,3,2,3), F; = (5,10,15,12,9,6, 3, 8).
This gives (k1,...,ks) = (1,...,1).

The finite group N/N' in these three cases is defined as the following:

Proposition 3.10 With the preceding notation, we have:

(i) If T is of type Eg, then N/N' is generated by C1,...,C5 over Z, where
r,=3 fori=1,...,5.

(ii) If T is of type Er, then N/N' is generated by C3 and Cs5 over Z, where

rg =15 = 2. That is, the quotient is isomorphic to Zo X Zs.
(ili) IfT is of type Es, then 4; =< 0> .

Proof. As in the cases of A,, and D,, (see propositions 3.4 and 3.7), we find:

. 1

IR S o . t
~ det M(E,) Diag(—k1, —ka, ..., —kn) - M(Ep) - (b1, ..., bn)".

(3.3)
Since the order 7; of C; in N/N' is the smallest b; € Z satisfying the equa-

(a1,...,an)

tion (3.3), we have:

(7) If T is of type Eg, then we find b; = 3 if i # 6 and bg = 1.
(#4) If T is of type Er, then by = b5 = 2 and the others are 1.
(#i7) If T is of type Eg, then we have b; =1 for i =1,...,8. O

The action of the finite group N/N’ on v = uf'---ul» (see the proof of
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theorems 3.6 and 3.8) is:

m (U) = n;2k1r1a1+l€2r1a2u,
772(”) — §1r2a172l}2r2a2+k3r2a3u’
13 (’LL) = ,’7§2T’3a2—2/%37’3a3+lﬁc4r3a4+fcnr3an u,
774(u) — 17537”46%—2/%41440‘4—‘,-1%57“4(1,5u7
(3.4)
nn—z(u) — niz—;m,_zan—s—21%7,,_27’”_211”_2+1}n_1rn_2an_1u’
Mn—1(u) = nfbiflzrnf1an72—2fcn,1rn,1an71 7

f€3'r‘na3 —2’;7,,7"71,

M(u) = n, anqy.

Hence we obtain:

Theorem 3.11 If o is the cone defined by the semigroup of Lipman E1(E,),
(n=26,7,8), then the algebra C[6 N M] is generated by:

N 03 a3 3,3 2. 22 2, 2 — G-
(i) w3, us, us, uy, us, ug, U USULUE, UTUUFU5 for n = 6;
s 2,2 2 — 7.

(11) U, U2, U3, Us, Uy, Ug, U7, U4UsUT fOT n= 7;
(iii) wq,...,us forn=38.

Proof. (i) By the equalities (3.4) above, we deduce

2a1—as —a1+2az —az—aq

m(u) =mn u, m2(u) = 1y u,n3(u) = n; u,
na(w) = 0% %, ms(u) = ny “ T,

where u = uf*---ug®. As before, we need to find the smallest aj satisfying
n;(u) = u for all 7 in order to obtain the ring of invariants. This condition gives

the following five equations:
2a1 — as = 3y, —a1 + 2as = 3la, as + a4 = 3l3, (3.5)
2a4 —as =3ly and — a4 + 2a5 = 3I5.
for some [;. By using the action, we observe that ai,as,a4,as can be 0,1,2

N
N

mod 3 and a3, ag = 1. Then, u3 u3,uj,ul usz, ug € C[M']~". For the second part
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of (i), we have to solve the system (3.5) for each value of a;: If a3 = 1, then we
have (ay,as,aq4,a5) = (1,2,1,2) which gives ujudusu? € (C[M’]%. If a1 = 2,
then we have (a1, as, a4, as) = (2,1,2,1). This gives u2usuus € C[M']~37. The
case of a; = 0 is included in the first part.

(#4) The action is defined by:

7’]3(U1,...,U7) - (U17U2aU3777§1U4»a5au6»77??1167)7
N5 (uty ..o ur) = (ur,u2,us,n5 ug, us, 05 ug, ur).

—ag—av

This gives n3(u) = 13

—Q4—0ae

w and 15 (u) = 7; u, where u = uy* ---u7”. The

equations obtained by n;(u) = u for j = 3,5 give
as +ay = 2[1 and ay + ag = 2[2 (36)

for some [;. Hence a4, ag,a7 can be 0,1 mod 2 and the smallest aq, as, as, as
are 1. Therefore, u3,u2, u?, uy, ug, uz, us € C[M']~", which is the first part of
(74). The other solution satistying (3.6) for (a4, as,ar) is only (1,1, 1), and this
gives uqugur € (C[M’]%.

(iii) The action is trivial. Therefore C[M']¥" = Clu,...,us]. So, the corre-
sponding toric variety is smooth.

This gives the theorem. [J

We complete writing out explicitly C[ N M] for ADE trees. By using [13],
we can find easily the corresponding toric variety Spec C[& N M] in each cases
above.

Conclusion. By the construction above, we obtain a class of toric varieties.
In a future work, we will try to see whether any affine toric variety having
quotient singularity corresponds to a singular graph as above and, whether we
can extract some invariants of the normal surface singularity from the toric

variety constructed.
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