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ADE SURF ACE SINGULARITIES, CHAMBERS AND
TORIC VARIETIES

by

Meral Tosun

Abstract — We study the link between the positiv e divisors supported on the ex-
ceptional divisor of the minimal resolution of a rational double point and the root
systems of Dynkin diagrams. Then, we calculate the toric variety corresponding to
the fundamental Weyl chamber.

RésumgSingularités ADE dessurfaces,chambreset variétéstoriques). — Nous etudions
le lien entre les diviseurs positifs a support sur le diviseur exceptionnel de la resolu-
tion minimale d'un point double rationnel et les systemesde racine des diagrammes
de Dynkin. Puis, nous calculons la variete torique correspondant a la chambre fonda-
mentale de Weyl.

1. Intro duction

A singularity of a normal analytic surface is rational if the geometric gerus of
the surface doesn't change by a resolution of the singularity. These singularities
are rather simple among surface singularities since they are absolutely isolated and
their resolutions have somenice combinatoric properties. A classi cation of rational
singularities is done by the dual graph of the minimal resolution accordingto their
multiplicities (see[11] for details and related references).

First, DuVal obsened that the dual graph of the minimal resolution of a rational
singularity of multiplicit y 2, called rational double point, with algebraically closed
eld is one of the Dynkin diagrams A, D, Eg, E7 and Eg, briey ADE diagrams
(see[2] or [4]). This meansthat the intersection matrix assaiated to the dual graph
of the minimal resolution of a rational double point is the sameasthe Cartan matrix
of the corresponding Dynkin diagram.
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The negative de niteness of the intersection matrix of the exceptional divisor of a
resolution of a normal surfacesingularity permits usto study on a set of certain posi-
tiv e divisors supported on the exceptional divisor, which will be called the semigroup
of Lipman. By using this set, we can assiate a toric variety with a weighted graph
whoseintersection matrix is negative de nite (see[1]).

In this work, motivated by a question appearedin [9], we give a geometric con-
struction of the roots of an ADE diagram, listed in [3] (seePlanche I,IV,V,VI,VI 1).
Following [14], we obsene that the semigroup of Lipman assaiated with an ADE
diagram is the sameasthe fundamertal Weyl chamber of the corresponding root sys-
tem. In the last section, using [1], we describe the toric variety corresponding to the
fundamenal Weyl chamber of an ADE diagram (see[1], [15]).

2. Rational Singularities

Let Sbeagermat ofacomplextwo dimensionalnormal spacewith a singularity
at . A resolution of S is a complexnonsingular surfacewith a propermap :X ! S
sudh that its restriction to X 1() isanisomorphismand X 1( )isdensein X.
Aresolution :X ! Siscalledminimal resolutionif any other resolution °:X°! S
factorizesby . It is well known that the exceptional divisor E = () of is

the irreducible componerts of E. The intersection matrix M (E) assaiated with E
is de ned by the intersection (E; E;) of the componerts E; and E;, which is the
intersection number of E; and E; if i 6 j, and the rst Chern classof the normal
bundleto E; if i = j. It is a negative de nite matrix (see[13]).

Let G denotethe free abelian group generatedby the irreducible componerts of E:

I:)n
G= i=1 mEi;m;27Z :

The eﬂ,emens of G are called the divisors supprted on E. The support of a divisor
Y =, mE; is the set of the componerts for which m; 6 0. In the free abelian
group G, the intersection matrix M (E) de nes a symmetric bilinear form. We shall
denote (Y Z) the value of this bilinear form on a pair (Y;Z) of elemerns in G. An
elemen of Gin which all the coe cien ts are non-negative and at least oneis positive,
is called a positive divisor.

Theorem2.1(see[2]). | The singE,Iarity of S is a rational singularity if and only
if the arithmetic genusi(Y Y+ L mi(w; 2))+ 1 of each positive divisor Y =

L, ME; in Gis 6 Owherew; = (E;i Ej).

Assumethat : X ! S isaresolution of a normal surfacesingularity which is not
necessarilyrational. Let f be an elemer of the maximal ideal M of Os. . Then the
divisor ( ) of f on X iswritten as( f) =Y + T; whereY is a positive divisor
supported on the exceptional divisor E of and T;, called the strict transform of f
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by ,intersectsE in nitely many point at most. Since(( f) E;) = Ofor all i, we
obtain (Y E;) 6 Ofor all i. The inverseis true when the singularity is rational. We
meanthat, if Y is a positive divisor on X such that (Y E;) = (T E;) foralli, then
there exists a function f in M such that ( f) = Y + T (see[2]). Now, asin [12]
(seesection 18), let us considerthe set

E'(E)=fY 2Gj(Y E;)6 Oforallig

By [18], this setis not empty. It is an additive semigroup: For Y1;Y, 2 E* (E), we
have Y; + Y, 2 E* (E).

De nition 2.2 | The setE" (E) is called the semigroup of Lipman.

SinceE is connected,for all Y = P m;E; in E* (E), we have m; >P1 foralli. A
partlaborder on E* (E) is de ned as follows: For two elemens Y1 =, aE; and
Yo = —; bE; of E"(E), wesay Y1 6 Y- if 6 by for all i. The smallestelemert
of this set is called the fundamental cycle of the resolution . The proposition 4.1
in [10], givesthe following algorithm to construct the fundamertal cyclegaglven E:

Let us denote by Z the fundamertal cycle of . Considerz; = _; E;. If
(Z1 E;) 6 Oforalli, thenZ, = Z. If else,there existsan E;, suc that (Z; E;,) > O;
in this case,we put Z, = Z; + Ei1 and we seewhether (Z, E;j) 6 Ofor all i. The
term Z;, (j > 1), of the sequencesatis es, either (Z; E;) 6 0 for all i, then we put
Z = Zj, or there is an irreducible componert E;; such that (Z; E; ) > 0, then we
put Zj+1 = Zj + Ej;. Thus the fundamental cycle of s the rst cycle Zy of this
sequencesuch that (Zx E;) 6 O for all i. By the samemethod, we can construct all
other elemerns of E* (E) (see[14] or [17]).

The following result of Artin characterizewhat an exceptionaldivisor of aresolution
of a rational singularity looks like:

Theorem2.3(see[2]). | A singularity of a normal analytic surface in CN is rational
if and only if the arithmetic genusof the fundamental cycle of the exaptional divisor
of a resolution of the singularity vanishes.

This gives:
Corollary 2.4(se€[2]). | The exceptional divisor of any resolution of a rational sin-

gularity is normal crossing, with each E; nonsingular and of genuszero, and any two
distinct components intersect transversaly at most in one point.

A proof of this corollary can be found alsoin [17].

Then the dual graph assaiated with the exceptional divisor of a resolution of a
rational singularity, in which ead E; is represened by a vertex and ead intersection
point is represerted by an edgebetweenthe vertices corresponding to the intersecting
componerts, is a tree. Each vertex in the dual graph is weighted by (E; E;). Con-
versely with a given weighted graph, by plumbing, we can assaiate a con gur ation
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of curves embeddedin a nonsingular surface and, if such a con guration of curves
satis es theorem 2.3, its contraction givesa rational singularity of a normal analytic
surface(see[6], [11]).

Example2.5. | A con guration of curves assaiated with an ADE diagram is con-
tracted to a rational singularity of a normal analytic surface.

Moreover, we have:

Proposition2.6 (se€[2]). | Let :X ! S bethe minimal resolution of the rational
singularity of S. Then the multiplicity of S at equals (Z Z) wher Z is the
fundamental cycle of

Recall that the minimal resolution is characterized by (E; E;j) 6 2 for all ir-
reducible componerts E; of the exceptional divisor. A rational double point is a
rational singularity for which the fundamertal cycle of the minimal resolution satis-
es (Z Z)= 2. Weknow that a rational double point of a surfaceis de ned by
the power serieswith the form f (x;y) + z? = 0. By using the results given above, we
deduce:

Proposition2.7 (se€[2] or [4]). | A normal analytic surface singularity is a rational
double point if and only if the exeptional divisor of the minimal resolution of the
singularity is a con gur ation of curves assaiated with one of the ADE diagrams.

3. Root systems of rational double points

There is a well known construction of ADE diagrams starting from a semisimple
Lie algebra. In this section, we are interested in the inverseof that construction, as
suggestedin [9]. We will seethat, using the geometry of a Dynkin diagram, we can
obtain the roots of the corresponding semisimpleLie algebra. This givesa partial
answer to the question of Ito and Nakamura (see[9], p.194).

Let V be an euclidean spaceendoved with a positive de nite symmetric bilinear
form (;). A reection s onV is an orthogonal transformation s: V ! V sud that,
forv2 V,s(v) = vandit xes pointwisethe hyperplaneH, = fu2 V j (u;v) = Og

of V. We can describe the re ection by the formula s,(u) = u z((vl‘.i)’))v.

De nition 3.1 | A subsetR of V is called a root systemif

(i) it is nite, generatesV and doesn't contain 0O,
(i) for every v 2 R, there exists a unique re ection s, suc that s,(R) = R,
(iif) for every v 2 R, the only multiples of vin R are v,
(iv) for u;v2 R, we have 2((\,“;;\)’)) 27Z.
The nite group generatedby the re ections is called the Weyl group.
See[8] for more details.
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In what follows, E will denote a con guration of curvesassaiated with an ADE
diagram, called ADE con guration. Now, following [14], (see p.158), we want to
establish the relation betweenthe root systemsand the semigroup of Lipman of E.

2ifi =) andequalsOor 1if i 6 j (see[4] or [12]). Now, considerthe following
subsetof G:
R(E)=fY2Gj(Y Y)= 2g

Proposition3.2(se€[14]). | The setR(E) is a root system.

Replacingthe inner product in the de nition above by the symmetric bilinear form
de ned by the intersectionmatrix M (E), we canseethat R(E) satis es the conditions
of the de nition above.

We will call root divisors the elemens of R(E). By denition, Egq;:::;En
and E,;, , E, are root divisors but E; E; is not a root divisor since
(Ei Ej Ei E;)6 2foranyi 6 j. LetusdenoteB = fEq;:::;Eng. We can
seethat B is a vector spacebasisof R(E) in G z R and every elemernt Y in R(E)
can be written asthe sum of E;'s with coe cien ts all nonnegative or all nonpositive
(comparewith [8], pp.47-48). If we denoteby R* (E) the set of the elemeris of R(E)
with coe cien ts all nonnegative, then we have R(E) = R*(E)[ ( R*(E)).

P
Proposition3.3 (see[14]). IP LetZ = i”:l 8 E; bethe fundamentalcycleof E. Then,
for eachroot divisor Y = L, miE; in R(E), wehavem; 6 a;;:::;mp 6 an.

The fundamertal cycleis called the highest (or biggest) root divisor in R(E).

Proof. | SinceE is the exceptional divisor of the minimal resolution of a rational
double point, we have (Z Z) = 2. SoZ 2 R(E). Assumethat there is a positive
divisor Y in R(E) suchthat Y > Z and (Y Y)= 2. SowehaveY = Z + D where
D is a positive divisor. This gives(Y Y) = (Z Z)+ 2(Z D)+ (D D). Thus
2(Z D)= (D D). SinceZ isthe fundamenal cycle,we have(Z E;) 6 O for all i,
so(Z D)6 0. This implies D = 0. O

Hence,we can calculate the highest root divisor by the algorithm of Laufer given
in the preceding section. The following proposition givesan algorithm to construct
all elemens of R(E) from Z by using B:

Theorem3.4. | Let R*(E) = fYo;:::;Ykg with Yx = Z. Then, for eachj =
0;:::;k 1, there exists an elementY; in R* (E) suchthat (Y; E;) = ki < 0 and
Y; = Y: + kiE; for somei. Inversely, for each E; in B suchthat (Y; E;i) = ki < O,
Y: + kiEj is a root divisor in R(E).

Proof. | The existenceof at least oneirreducible componert E; in ead Y; such that
(Y; Ei) < Ois dueto negative de niteness of the intersection matrix. Then, theorem
follows from the fact that (Y; + KiEj) (Y; + kKiE;)) = 2. O
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(Compare the root divisors obtained by the theorem with the roots givenin [3] (see
Planche I,IV,V,VI,VI 1).)

In particular, we have:

P
Corollary 3.5. | The divisor Y = i”:l Ei (i.,e. m; = 1 for all i) is an element of
R*(E).

Proof. | It follows from theorem 3.4. O

Now, for each E; 2 B, considerthe hyperplaneH; = fP 2 R" j (P E;) = Og. It
divides R" into two parts suc that:

H"=fD2R"j(D Ej)>0g and H, :=fD2R"j(D E;)< Og:

S
We haveH' = H, . A connectedcomponerl‘( of R" in:1 H; is called a (Weyl)
chamter and the chamber de ned by C(E) :=  ,5(H; ) is called the fundamertal

(Weyl) chamber (see[8]). Thus the closureof C(E),
C(E):=fD2R"j(D E;)6 Og;
is a closedconvex cone. Then:

Remark3.6. | Let E be an ADE con guration. The semigroupE* (E) of Lipman is
the fundamertal chamber C(E). In particular, the highest root of R(E) belongsto
C(E).

4. Toric varieties

The fundamenrtal chamber, or equivalertly the semigroup of Lipman, of an ADE
con guration de nes a polyhedral conein R". In this section, by using [1], we will
construct the toric variety corresponding to that cone.

We start by recalling what a toric variety is. Let N be a lattice which is isomorphic
to Z". Let be arational polyhedral conein the real vector spaceNg = N 7R
which contains no line through the origin. Denoteby M = Hom(N; Z) the dual lattice
of N. The dual cone s the set of vectorsin Mg which are nonnegative on . The
semigroupS = \ M =fu2 M j(u;v) > 0O; for all igis nitely generated. We
denoteby Y the elemert in the algebraC[S ] corregnonding to the elemen u of S .
Each elemen of C[S ]isin the form of a nite sum & Y fora 2 Candu; 2S .
The variety SpecCJ[S ] is an ane toric variety (see[5] for more details).

Here we want to nd the toric variety SpecC[ \ M] when is de ned by C(E)
where E is an ADE con guration. Notice that C(E) satis es the conditions on the
cone by which we construct an a ne toric variety above. In order to construct the
toric variety corresponding to C(E), we rst needto nd the generatorsof C(E),
which are thE, generatorsof E* (E): Consider F? such that (F° Ej) = i. We
obtain FP= ", m; E; with mj 2 Q*. The divisor F; such that F°= ki F; isa
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positive divisor wherek; denotesthe least commonfactor of the denominators of the
coecientsmy, (j = 1;:::;n).

Theorem4.1(se€[1]). | With the preceding notation, Fy;:::;F, belongto E* (E) and
they geneate the cone E* (E) over Q*.

Proof. | By construction, Fyi;:::;F, belongto E*(E). We will show that each
elemert in E* (E) can be written as a linear combination of the elemers F;'s with
coe cien ts in Q.

Let G be the semigroupgeneratedby Fi;:::;F, with coe cien t%ln Q* and G be
as de ned before. We needto show that E* (E) =G\ G LetY= ., mE be an

intersection matrlx (sameasthe Cartan raatrlx multiplied by 1) of E. Notice that
(Y Ei)=yi,soy; 6 Oforalli. Let D = ., dE; beanelemer of G. So,d; 2 Q"
for all i. AssumeM (E) (dg;:::;dy)t = (0;:::;0; 1;0;:::0) wherethc?:,ertry lis
in the i-th row. The fact that M (E) is an |nvert|ble matrix givesY = iz1 diviEj.
So,the coecient djy; isin Q* for all i. This saysY 2 G\ G.

Now, we will seethe inclusion G\ G E" (E): LebD 2 G\ G. This means
D= [ BF with b 2 Q". Consider(D E;j) = [, h(F} Ej). SinceF,
(=21::: :;n), is an elemen of E* (E) and by 2 Q* for all j, wehave (D E;) 6 0O for
all i. HenceD 2 E*(E). Then E* (E) = G\ G. O

De nition 4.2 | The elemeris Fi;:::;F, are called the generators of E* (E) (or
C(E)).

N %is a subgroupof N of nite index, we have.
Theorem4.3(see[5]). | With preceding notation, we haveC[ \ M]= C[M 9qN=N".

This meansthat the a ne toric variety SpecC[ \ M]is the quotient C"=G where
G isthe nite group N=N°,

Now, let us seethe construction method of the a ne toric variety corresponding
to C(E) whenE is assaiated with the diagram A,. For this, it is enoughto describe
the nite group N=N°and to seethe action of this group on C[M J: It is well known
that the intersection matrix M (E) assaiated with A, is ;> %, . From the formula
(F® Ej)= | givenabove,we nd the generatorsof E* (E) asF; = 2E; + E; and
F, = E; + 2E,.

Consider the lattice N = hEq;E,i and its sublattice N° = HFy;F,i and, denote
by M = hE;;E,i and M%= HF ;F,i the dual lattices of N and N ° respectively.
It is easyto seethat F; = —*( 2E; + E;) andF, = -}(E; 2E,). Notice that
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detM (E) = 3 and M °is generatedby the rows of the intersection matrix multiplied
by 1=detM (E).
Now, let us describe the nite group N=N©

Proposition4.4. | The group N=N° is geneated by E; and E, over Z with
ord(E;)=3 for i = 1;2 where E; = E; + N° and ord(E;) is the order of E;
in N=N°C

Proof. | LetF = F+ N%2 N=NC This saysF 2 NCif and only if there exist a; 2 Z
such that F = a;F; + a,F,. Hencethere existthe b 2 Z such that F = biE;1 + bE»s.
Using the generators F; obtained above, we nd (2a; + az)E; + (a1 + 2a2)E, =
bE; + bE,. For b, = 0, we nd ord(E1) asthe smallestb, 2 Z satisfying this
equation, soby = 3. For by = 0, we nd b, = ord(E,) = 3. Therefore the proposition
follows. O

Let usdenote E; by ; fori = 1;2. We have ; = (exp2 i)™ suc that 2 = 1.

I
enote = C[x1:X2] an = C[ui;up] with u; = x5 "%, and uy =
D C[ \M]=cC dCciM9=_cC ith 23y, and

X, 7°x57%. The action of N=N°on the coordinates of C[M 9 (seep.34 in [5]) gives:

1(usu) = ((fug; ;tup) and  a(upsug) = (,tur; Sup):

Using proposition 4.4, we nd:

Theorem4.5. | With the preceding notation, the ring of invariants C[M 9N=N° is
geneated by u$, u?u,, uyus, u3.

Proof. | Let u= uf*uk2. By the action of the nite group N=N°on u, we have:
wu)y= 2 key and ()= ,KetZkey

Sincethe ring of invariants C[M IN=N" is determined by the smallestk, and k, satis-
fying ;(u) = u for i = 1;2, we obtain the following system of equations:

2k; kp=3l; and ki + 2k, = 3ls:

for somel; and I,. Hencek; = 0;1;2 (mod 3) for i = 1;2: When k; = 3 (resp.
ko = 3) we have k; = 0 (resp. k; = 0); so, u$ and u3 are in C[M ON=N’ " \When
ki = 2, we obtain k; = 1; so,u?u, 2 C[M ON=N° When k; = 1, we obtain k, = 2; so,
uuZ 2 C[M 9N=N", O

Now, we needto nd the ideal, called toric ideal, whosezero set is the a ne toric
variety SpecC[ \ M]. For this, we use[16]. The ideais to identify a2 4 matrix
A = (myp:::myg) with m; = (my;my)! to the generatorsu™ = u'*'ul'? given in
theorem 4.5. By lemma 1.1 in [16], the toric ideal | o is generatedby zV+ zV for
all integer vectorsv = v, v in the kernel of A. Hence,we conclude:
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Corollary4.6. | Let E be the con gur ation of curvesasseiated with the diagram A,.
The ane toric variety SpecC[ \ M] correspnding to C(E) is de ned as the zer
set of the toric ideal

la = he123 25,2124 2023,2024 Z3i

where z; = umi,

Proof. | The matrix A corresponding to the generators given in theorem 4.5 is

3210
0123 ° So, the vectors

%°§ %o§ %0§ %°§ and %Oﬁ %1§

of the kernel of A generateour toric ideal | o (seelemma 1.1 and example 1.2.(a)
in [16]). O

Applying the samemethod to any ADE con guration, we can obtain the corre-
sponding toric variety. The reader can nd ead of thesetypesin detail in [1]. We
remark that our interest for the construction method of the a ne toric variety corre-
sponding to C(E) is coming from [15]. One of the natural continuations is to explore
the possibility of a relation betweenthe invariants of the a ne toric variety and those
of the corresponding normal surfacesingularity.

References

[1] S. Altinok & M. Tosun { Toric varieties assaiated with weighted graphs, submitted
for publication, 2003.

[2] M. Artin { On isolated rational singularities of surfaces, Amer. J. Math. 88 (1966),
p. 129{136.

[3] N. Bourbaki { Groupes et algebres de Lie, Ch. IV, V, VI, Hermann, Paris, 1968.

[4] P. Du Val { On isolated singularities which do not a ect the conditions of adjunction,
Part 1, Math. Proc. Cambridge Philos. Scc. 30 (1934), p. 453{465.

[5] W. Ful ton { Intr oduction to toric varieties, Annals of Mathematics Studies, vol. 131,
Princeton Univ ersity Press, Princeton, NJ, 1993.

[6] H. Gra uert { Uber Modi k ationen und exzeptionnelle analytische Mengen, Math. Ann.
146 (1962), p. 331{368.

[7] R. Har tshorne { Algebric Geometry, Graduate Texts in Math., vol. 52, Springer-
Verlag, 1980.

[8] J.E. Humphreys { Introduction to Lie algebmas and representation theory, Graduate
Texts in Math., Springer.

[9] Y. Ito & I. Nakamura { Hilbert schemesand simple singularities, London Math.
Society Lect. Note Series,vol. 264, Cambridge Univ. Press, 1999.

[10] H. Laufer { On rational singularities, Amer. J. Math. 94 (1972), p. 597{608.

SOCI ET E MA TH EMA TIQUE DE FRANCE 2005



350 M. TOSUN

[11] L& D.T. & M. Tosun { Combinatorics of rational surface singularities, to appear.

[12] J. Lipman { Rational singularities, with applications..., Publ. Math. Inst. Hautes Etudes
Sci. 36 (1969), p. 195{279.

[13] D. Mumford { The topology of normal singularities of an algebraic surface and a
criterion for simplicity, Publ. Math. Inst. Hautes Etudes Sci. 9 (1961).

[14] H. Pinkham { Singularit es rationnelles de surfaces, in Seminaire sur les singularit es
des surfaces Lect. Notes in Math., vol. 777, Springer-Verlag, 1980.

[15] C. Procesi { The toric variety assaiated to Weyl chambers, Mots, Hermes, 1990.

[16] B. Sturmfels { Equations de ning toric varieties, in Algebric geometry Santa Cruz,
1995, p. 437{449.

[17] M. Tosun { Tyurina componerts and rational cyclesfor rational singularities, Turkish
J. Math. 23 (1999), no. 3, p. 361{374.

[18] O. zariski { The theorem of Riemann-Roch for high multiples of an e ectiv e divisor
on an algebraic surface, Ann. of Math. 76 (1962), p. 560{615.

M. Tosun, Yildz Tecnical University, Dept. of Math., Davutpasa { Eserler, Istanbul, Turkey
Feza Gursey Institute, Emek mh. N° 68, 81220 Gergelkoy, Istanbul, Turkey
E-mail : tosun@gursey.gov.tr

SEMINAIRES & CONGR ES 10



